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Variational Inequalities and Optimization

® E — real vector space with norm ||-||
® E£* —dual of E, with dual norm |-||,

® (f,x) —valueof f € E* at x€ E

Variational Inequality

find x € C such that (Ax,y —x) >0 VyeC (vh

Smooth constrained optimization

Assumption: f — convex smooth function, X — closed convex set

f(x*)=minf(x) < (VFf(x"),x=x") >0 ¥xeX

xeX



Variational Inequalities and Optimization

Saddle point problem

Assumption: f — convex-concave and smooth, X, Y — closed and convex
f(x™,y") = min max f(x
S xEX yeY (x,¥)

(T ). (5o )) 2o vemensy

z z

Az* z—z*

Variational Inequality
find x € Z such that (Az*,z—2z")>0 VzeZ

Assumption: A is monotone: (Azy — Azy,z1 — ) >0 Vz,zn€Z



Variational Inequalities and Optimization

1. Matrix games:
min max (Px
XEAM yeA™ < y>
2. Constrained optimization:

mXin f(x) s.t. g(x) <0 — mXin Tzaé((f(x) + yg(x))

3. Structural minimization:

f(x)+ g(Ax) = min  —  minmax(f(x) + (Ax,y) — g"(¥))
X X y
4. Structural minimization (discrete maximum function):
,-:Ta)fmﬁ(x) — min — mxlnynggﬁZy, i

5. Machine Learning:
o Adversarial training: min, > L(x, a;, b;)) — min,max,eca Y ; L(x,ai + w, b;)
e Generative adversarial networks (GANs)



Some geometry of Banach spaces

Convexity:

5e (e) = |nf{1—HX+yH X,y €Se, |x—yll=c} vee(0.2]

is called modulus of convexity of E
® £ is uniformly convex: g (¢) > 0 Ve € (0,2]
® E is 2-uniformly convex: 3c > 0 : dg () > ce® Ve € (0,2]

Smoothness:

® £ is smooth, if:
It ol = i

t—0 t

exists for all x, y € Sg.

® F is uniformly smooth, if the limit is attained uniformly for x, y € Sg.

L, (1 < p < 2) are 2-uniformly convex and uniformly smooth



Some geometry of Banach spaces

Normalized duality mapping:
JIE—25 1 Ux= {x* EE*: (x,x) = x|’ = |\x*||§}.

If E is smooth, then J is single-valued (J = V|| - |?).

Examples:
o Jx= X2 IXIPx € Ly, x € Ly

o Jx = X3 oy em(~1) D (1D X" 2D%x) € We ", x € Wy



Alber generalized projection

Let E be a smooth Banach space. Consider the Alber functional

¢ (x,¥) = I = 2 {Jy, ) + IylI*  Vx,y € E.

Let K be a non-empty closed and convex subset of a reflexive, strictly convex
and smooth space E. It is known that for each x € E there is a unique point
z € K such that
= inf .
¢(z,x) = inf ¢(y,x)

This point z is denoted by lNMkx, and the corresponding operator Nk : E — K is
called the generalized projection of E onto K.

Let K be a closed and convex subset of a reflexive, strictly convex and smooth
space E, x € E, z € K. Then

z=MNkx & (UJz—Jx,y—2)>0 VyeK <&
g ¢(y7nKX)+¢(nKX7X)§¢(y7X) VyEK



Aoyama—Kohsaka inequality

Let E be a 2-uniformly convex and smooth Banach space. Then, for some
1 > 1, the inequality holds

1
¢(X7y)2;|lx_y”2 Vx,yEE

Examples:

Lp, W;T(1<P§2):H:ﬁ



Variational Inequality

find x € C such that (Ax,y —x) >0 VyeC (1)
where
® E — 2-uniformly convex and uniformly smooth
e CCE
°* AtE— E”
Let denote the solution set of the problem (1) by S.

Assumption:
e C C E — convex and closed

e operator A: E — E™ — monotone and Lipschitz continuous on C, L >0

e SH(

Fixed point formulation:
x=MNcJ 7! (Ux — AAx), (2)

where A > 0.



State of the Art

H. liduka, W. Takahashi, 2008 (A : E — E™ is inverse-strongly-monotone)
Xop1 =M™ (Ixn — ANAX») .
Y. Shehu, 2020 (A: E — E* is monotone Lipschitz continuous operator)

Yo = Mcd ™ (Uxn — MAX,) ,
Xnt1 = J 7 (Jyn — A (Aya — AXy)) .



Forward-Reflected-Backward (Alber projection setting)
Algorithm 1
Init. Choose xo € E, x1 € E, A € (07 ﬁ) Let n=1.
1. Calculate

xnir = Ned ™ (S = My = A (Axn — Axn 1))

2. If xp—1 = Xp = Xpt1, then STOP, else let n:= n+1 and go to 1.

In Hilbert space

Yu. Malitsky, M. K. Tam, 2020
Xnp1 = Pc (xn — 2AAxp + AAxn—1)
Yu. Malitsky, 2015

Xnr1 = Pc (Xn — AA(2x7 — Xp-1))



Analysis 1

Lemma 1. The following inequality holds:

¢ (Z, Xn+1) +2A <AXn - AXn+17 Xn+1 — Z> + M)\L¢ (Xn+1> Xn) <
< ¢ (z, %) + 22X (Axa—1 — Axn, X0 — 2) + pALO (Xny Xn—1) —
— (1 — 2/,L>\L) ¢ (Xn+17 Xn) s

where z € S.

Theorem 1.

e C is non-empty convex and closed subset of 2-uniformly convex and
uniformly smooth Banach space E;

e A: E — E™ is monotone Lipschitz continuous operator;
o SA£0D;
e normalized duality mapping J is sequentially weakly continuous.

Then
Xn — Z € 5



e-solution

Definition 1. z € C is e-solution if
Gap(z) <e,

where
Gap(z) = sup (Ay,z —y).
yeC

Theorem 2.
sup,cc ¢ (v, x1)

<
Gap(zy) < 5N ,

N+1

where zy = § Y5 x;.



Self-Adaptive Forward-Reflected-Backward

Algorithm 2

Init.

1.

Choose xo € E, x1 € E, T € (0, ﬁ) and Ao, A1 > 0. Let n= 1.

Calculate

Xni1 = Ned ™ (Ixn — AnAxn — An1 (Axn — Axa_1)).

2. If xp—1 = Xp = Xpt1, then STOP, else go to 3.

Calculate
: 1Xn41—Xn | ;
min q Ap, T if Ax, Ax,
Ant1 = { T A = Axall, S ni1 # A,
n otherwise.

Let n:=n+1 and go to 1.



FRB for equation with monotone operators

Algorithm 3
Init. Choose xo € E, x1 € E, 7 € (0, ﬁ) and Ao, A1 > 0. Let n= 1.
1. Calculate
Ixnp1 = Ixn — An(Axn — F) — Ap—1 (Axe — Axn—1) .
2. If xp—1 = xp = Xpt1, then STOP, else go to 3.

Calculate
H Hxn+1*XnH 3
Api1 = min {)\n,Tiqun“_Aan* , if Axpp1 # Axa,
n otherwise.

Let n:=n+1 and go to 1.



Analysis 2

Lemma 2. The following inequality holds:

An
& (2, Xn+1) + 2An (Axn — AXni1, Xnp1 — 2) + T,u)\ & (Xn41, Xn) <

n+1
< @ (z,%n) + 2201 (Axn—1 — AXp, Xn — 2) + TM)\;\_I & (Xny Xn—1) —
An— An
_ (1 — T )\nl — T“)\n+l> (Z)(X,,+1,Xn) 5
where z € S.
Theorem 3.

e C is non-empty convex and closed subset of 2-uniformly convex and
uniformly smooth Banach space E;

e A: E — E™ is monotone Lipschitz continuous operator;
o S AU
e normalized duality mapping J is sequentially weakly continuous.

Then
X, —z € S.
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