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General statement of the multi-

objective optimization problem
𝑥 =  𝑥𝑗 , 𝑗 = 1, 𝑛       

𝐹 =  𝑓1 𝑥 , 𝑓2 𝑥 , … , 𝑓𝑚 𝑥  ,                                 (1) 

𝑔𝑖 𝑥 ≤ 𝑏𝑖 , 𝑖 = 1, 𝑘     ,                                                       (2) 
𝑋 ⊂ 𝑅𝑛  
 

The point 𝑥∗ ∈ 𝑋 is Pareto optimal if it is valid and there is no 

other point 𝑥 ′ ≠ 𝑥∗, for which 

𝑓𝑖 𝑥
∗ ≥ 𝑓𝑖 𝑥

′ , ∀𝑖 = 1,𝑚      .                                        (3)  

 

 𝑦∗ =  𝑓1 𝑥
∗ , 𝑓2 𝑥

∗ , … , 𝑓𝑚  𝑥
∗  . 

 

𝑓𝑖 𝑥 =  𝑐𝑖𝑗 𝑥𝑗
𝑛
𝑗=1 → 𝑒𝑥𝑡𝑟, 𝑖 = 1,𝑚      ,𝑚 ≥ 2,           (4) 

 𝑔𝑘𝑗 𝑥𝑗
𝑛
𝑗=1 ≤ 𝑏𝑘 , 𝑘 = 1, 𝑝     ,                                            (5) 

𝑥𝑗 ≥ 0, 𝑗 = 1, 𝑛     .                                                               (6) 
 



Clustering of criterion space
Definitions. We call two criteria strongly dependent on some set of admissible 

alternatives  𝑋, if the improvement of the score on one criterion on the set 𝑋 leads 

to its improvement by another criterion. 

±𝑔𝑟𝑎𝑑𝑓𝑖 𝑥 ,  𝑂𝐶𝑖     ,   𝐶𝑖 𝑐𝑖1, 𝑐𝑖2 , … , 𝑐𝑖𝑛  , 𝑖 = 1,𝑚      . 

𝜇𝑅 𝑐𝑖 , 𝑐𝑗    𝜇𝑅 : 𝐶2 →  0,1 . 𝜇𝑅
∗  

𝜇𝑅
1 𝑐𝑖 , 𝑐𝑗   =

1

2
 1 +

𝑐𝑖 ∙ 𝑐𝑗 

 𝑐𝑖   𝑐𝑗  
 , 

(7) 

𝜇𝑅
2 𝑐𝑖 , 𝑐𝑗   =

1

𝜋
𝑎𝑟𝑐𝑐𝑜𝑠  

𝑐𝑖 ∙ 𝑐𝑗 

 𝑐𝑖   𝑐𝑗  
 + 1. 

(8) 

 

Figure 1: Graphs of similarity measures: 𝜇𝑅
1  – dotted line,  𝜇𝑅

2  - solid line 

 

 

 



Reducing space of criteria in the weighted sum 

scalarization method

𝐹∗ =  𝛼𝑖𝑓𝑖 𝑥 → 𝑚𝑎𝑥
𝑚

𝑖=1
 

(11) 

𝑔𝑘 𝑥 ≤ 𝑏𝑘 , 𝑘 = 1, 𝑝     , 𝑥𝑗 ≥ 0, 𝑗 = 1, 𝑛      (12) 

 𝛼𝑖 = 1,
𝑚

𝑖=1
𝛼𝑖 ≥ 0.  

(13) 

 



• Figure 2: Geometric interpretation of the multipurpose linear optimization 
problem



• Figure 3: Geometric interpretation of the result of clustering of 
criterion space by angular similarity measure



Мethods for determining the 

weights of centroids
 

𝛽𝑖 =
 𝐾𝑖 

𝑚
, 

(14) 

 

𝛽𝑖 =
 𝑏𝑖𝑗
𝑧
𝑗=1

 𝑏𝑖𝑗
𝑧
𝑖,𝑗

, 
(15) 

 

𝐹 =  𝛽𝑖 ∙ 𝑓𝑖
∗   .

𝑧

𝑖=1
 

 
(16) 

 



General scheme of criterion space reduction for the 

WSS method

Figure 4: Scheme of reduction of criterion space of MOP at use WSS method
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