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The paper presents new results on improving conventional algorithms for finding a
perfect matchings of the minimum weight.

A new permutation-matrix model of optimal assignment in the balanced Linear
Assignment Problem (LAP) is proposed, which allows recursively finding solutions on a set
of augmenting paths built depending on the current matching.

Conventional methods for solving LAP, such as the Hungarian method, Kahn-Munkres
method, and potential method, are built using different combinatorial optimization

approaches. They are characterized by different time complexity, where the best known is

O(n3), where n is the cost matrix order.

Our algorithm is designed to find a perfect matching of the minimum weight in a

bipartite graph on 2N vertices.



Problem Statement

For the matrix of costs (weights) C = [cij]n , Where C = [ ] where c; € R, or ¢;; =+,

find

C(o)= rplan(yr) where C(7) = i;cm[i]. (1)
Here S is a permutation group, 7 = (7z[1], 2], ..., n[n]) € S, represents a permutation
from a set J ={1 2,...,n} of the columns’ indexes of the matrix C,

:(a[l], o[2], ..., o[n])eS, is the optimal permutation yielding an optimal value of (1)

)=>"" Ciopy 1FC o =% =1 n, the LAP (1) is feasible and o is a solution to the
LAP.



Key Observation
Any part of a feasible solution of a LAP consisting of k elements uniquely determines

a submatrix [cisjt ]k of the matrix C, such that
I, <l, <..<Il,<.<l, <], <..<] <..<].
Introduce a sequence 7 =(7z[i] 7[i,] ... z[i.), ... z[i 1), m i€l iy, -on
| jk}, k =1, n—1, such that: a) it is a solution of the LAP for the submatrix [ci i ]k as Its

cost matrix; b) the cost of the assignment associated with the permutation =, does not

exceed the optimal value of a LAP for any submatrix of the order k of the matrix C.

If there exists an efficient conversion procedure of a sequence r, Iinto a sequence

7., K=0, n=1, and the problem (1) has a solution, then it takes n steps to find o =7, .

Let us discuss how the sequences 7, , k =1, n can be constructed.



The Algorithm: Iteration 1
k=1
The initial sequence 7z, =(7,[i,]) is trivially defined.
Namely, the matrix C contains
¢, =min{c; |1<i, j<n},
therefore, we set

i =1, z[i]=r.



The Algorithm: Iteration 2

k =2.1n order to find 7, =(,[i,], 7,[i,]) based on 7, let us determine

Cos =Min{c; [i =1, j=r}, ¢, =minfc, | j=r}, ¢, =min{c, |i=I} (see Fig. 1).
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Figure 1.



The Algorithm: Iteration 2 (cont.)
It Is easy to see that if ¢ +c , <c, +c, (further Case 1) then conditions a) and b) are
satisfied for a sequence r,, where i, =1, z,[i,]=r1, I, =m, z,[i,]=Ss.
It corresponds to a submatrix of Aishown in Fig. 2.
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Figure 2
Otherwise, 1.e. ¢, +c, >C, +C, (further Case 2), these conditions are satisfied on a

sequence =, with elements i =1, z,[iL]=1p, I, =V, 7,[i,]=r and the corresponding

submatrix is depicted in Fig. 3.
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Figure 3



The Algorithm: Iteration 3

k =3. Now, we transform the sequence 7, into a sequence 7z, = (7r3[i1], 7,4[1, 1, 7z3[i3]).
Without loss of generality, we can assume that we deal with Casel, I.e.
7T, = (72'2[|] =T, m,[m]= S).

Then we find c,, =min{c; [i=l,m; j=s, r} and

MIN1=c, +C, +C, (2)
Note that c,,, = c,, if we deal with Case 2, i.e.7, = (7,[l]= p, 7,[v]=T).
The transformation of =, into r, is the result of solving the following auxiliary problem.

For rows |, m and columns r, s of the matrix C, itis required to find a triple of components
with the minimum sum of their values. Any two elements of the triple must be placed in

three different rows and three various columns including r, s.



The Algorithm: Iteration 3 (cont.)

If such a triple does not contain c, , but includes c_. (further Case 1°), then the sum of

Ir?

Its elements is bounded from below by the value

S,=C, +C,+C

ws:Where ¢, =min{c, |i=l,m},c, =min{c,| j=r,s}.
Let the solution of the auxiliary problem be a triple, which includes c, and does not

contain ¢, (further Case 2’). Then a wvalue S,=c, +c,+C,,  Where

ms
Cop =Min{c | j=s, r}, ¢, =min{c,|i=I,m}.
Case 3’. Elements of a solution of the auxiliary problem that does not contain c, and
c..define a value , where
Cus =Min{c, |i =1, m}, ¢, =min{c,; | j= p,s}, ¢ =min{c, |i=m, v},

Cog =Minfc, .| j=r, s} (see Fig. 4).



The Algorithm: Iteration 3 (cont.)

P q r S P r S

p CIr | CIr .

WS
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The Algorithm: Iteration 3 (cont.)

Let MIN2=min{S,, S,, S,}.Itis clear that it corresponds to the sequence 7, (see the indices
in Cases 1°-3’), if MIN2 < MIN1, otherwise r, = (7z3[l] =T, m[m] =S, m,[w]= q) (see (2)).

k =3—k =1,nln general, a sequence 7T, =(7zk[i1], 720 [ P 1 | I A ﬂk[ik]) having
properties a) and b) is transformed into a sequence 7, =(7.[i], 7l -

Teall ] -y meali,,1) with the same properties as the following.

If, in the matrix C, it is found

Copig = MIN{C T i, by ooy gy o b j 2 7 [4) L) s i) s [0 ]

then a sequence 7,,, =(7,, 7[i..,]) is, and it is evaluated

MIN1= ZC ik [is] ”k[ik+1]'
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The Algorithm: Iteration k +1
Next, the problem of finding k +1 of C is solved, for which in the matrix the minimum

sum of their values is attained while they are located in different rows and columns and

include all rows and columns with numbers specified by values c

i [yh]?

C , C , C

) L [N L L

In the same manner, let us denote this sum by MIN 2.

The found elements form the required sequence z, ., = 77, if MIN2 < MINL1.

Otherwise, 7, = 7, ;.
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CONCLUSION

A new permutation-matrix model of optimal assignment is proposed. It allows
recursively finding solutions on a set of augmenting paths built with respect to the current
matching. The proposed scheme for finding an optimal assignment underlies a method of
solving a LAP, where a solution to the problem is found by means of matching theory for
bipartite graphs only.

The offered approach for finding the optimal assignment develops transport logistics’
theory. It is focused on improving the organization of transportation in real-time and in real
situations of vehicle traffic. Its implementing allows reducing the time and fuel consumption
for carrying out transportations.

The method uses the well-known algorithm for finding a perfect matching in bipartite
unweighted graphs, which is built according to a scheme that expands approaches to solving

complex optimization problems.
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