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We consider only finite undirected graph without loops and multiple edges. We denote ),( EVG   as a graph, where 𝑉 is the set of vertices, and 

𝐸 is the set of edges. 

Distance magic labeling  of graph ),( EVG   of order p is a bijection  f : V(G){1, 2, …, p}, for which there exists an integer number k, such for 

every vertex u equality 



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vfk , is fair, where N(u) is a set of vertices of graph G  adjacent with u. Number k is called magic constant of labeling  

f, and a graph, which allows such labeling is distance magic. 

Problem 1. Finding the conditions for the existence of distance magic labeling of the graph G, which is not 

isomorphic  to 2...,,2,1K   

Edge labeling   of graph G is magic, if   is an injection E(G) into N  and the weight of the vertex does not depend on the choice of the vertex. 

Graph, which allows magic labeling, is called  magic. We define a constant value of index as magic constant  and denote as . Magic power  () of 

labeling   is maximum of the label, used in , and a magic power  (G) of graph G is minimum of the powers of the magic labelinges, which the 

graph allows. If the graph G  is not magic, then  (G) =0 by definition. 

Problem 2. Identifying the property of graph, which allows finding of necessary and/or sufficient magic 

conditions. 

The total vertex-magic labeling of a graph G=(V,E) of order p and size q is denoted as a bijection g: V (G)→{1, 2,..., p + q}, for which there exists 

such a constant k, that for each vertex u𝜖 V the equality holds kuvgug
uNv

 
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)()( . The number k is called the magic constant, the sum 
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is called the weight of the vertex u, and the graph G allowing the labeling g is called total vertex-magic. 

Problem 3. Determining the types of graph, which allows total vertex-magic labeling. 

 

 



Тhеоrem 1. If 𝐺 ≅ (𝐾𝑝−1 − 𝑀) + 𝐾1 is a graph of odd order 𝑝 with Δ(𝐺) = 𝑝 − 1, where M is 

perfect matching in 𝐾𝑝−1, then 𝐺 ≅ 𝐾1,2,...2 . 

Corollary. Graph 2...,,2,1K   is the distance magic graph. 

Example.  Suppose 𝐺 ≅ (𝐾6 − 𝑀 ) + 𝐾1(fig.1). Let us set vertex labeling of 𝐺, as it is shown in 

figure 1. The labeling is distance magic with magic constant 𝑘 = 21. Let us identify the vertices 

with their labels. Then we divide the set of vertices 𝑉 (𝐺) into subsets {1,6}, {2,5}, {3,4}, {7}. 

They are independent, moreover, these subsets are particles of the graph 𝐾1,2,2,2, such that  

𝐺 ≅ 𝐾1,2,2,2. 

 



Theorem 2. If ),( EVG   is a distance magic graph different from 2,,2,2,1 K , then the set V  of  can be partitioned into  

sets ,1V  ,2V  …, pV , in such way that 1iV  and )( iVG  is the empty graph for every pi ,,2,1  . 

 



 

Corollary. Let ),( EVG   be a distance magic r-regular graph of order n. Then for the power 

of any independent set iV  in G  double inequality 
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is fair, where   is the minimum eigenvalue of the adjacency matrix G . 

 

 



 

 



 

Example. Determine the magical power of the graph G, shown in the figure 2. 

 

We set the edge labeling of the graph G, as it is shown in figure 1. Suppose, that G is a magic with magic constant . Then the system 

of linear equations for the graph looks like 

 

*(ui)=,       where       i=1, 2, …, 9         or 

 

 

 

 
 
 

 
 
𝑥1 +  𝑥2 = 𝜇,                    
𝑥4 +  𝑥5 = 𝜇,                    
𝑥7 +  𝑥8 = 𝜇,                    
𝑥1 +  𝑥3 + 𝑥8 +  𝑥9 = 𝜇,
𝑥2 +  𝑥3 + 𝑥4 +  𝑥6 = 𝜇,
𝑥5 +  𝑥6 + 𝑥7 +  𝑥9 = 𝜇.

  

                                                

                                            𝑥3 + 𝑥6 + 𝑥9 = 0. 

 

 



 

Lemma 1. If graph G allows  magic labeling with magic constant  , then 
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Proof. Weight of vertex 𝜇 of maximum degree of graph 𝐺 is a sum of edge labels, each of which is not less than one 1. Тhen   𝜇 ⩾ Δ(𝐺) . The equal sign is 

possible only for the graph 𝐾2. On the other hand, to the vertex of the last degree 𝛿(𝐺) labels are incidental, which give the sum of 𝜇. Amoung them there is a 

label which not less that 𝜇 𝛿(𝐺). Thus, 𝜇(𝐺) ⩾ ⌈ 𝜇 𝛿(𝐺)⌉.  

Lemma has been proved. 

Corollary. if 𝐺 is a magic graph, then .
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Lemma 2. Let 𝐺 be a graph of order 𝑝, which allows magic labeling with magic constant 𝜇. Then the number 𝜇𝜋 is even.  

Proof. Suppose, that the graph 𝐺 of order 𝑝 allows magic labeling with magic constant 𝜇. We denote the sum of all edges of graph 𝐺 as 𝑆. Every vertex 

from 𝑝 has a weight 𝜇 , then product 𝜇 represents twice the amount of labels. Thus, 𝜇𝑝 = 2𝑆.  

Lemma has been proved.  

Corollary 4. If graph 𝐺 of odd order allows magic labeling with magic constant 𝜇,  

then 𝜇 ≡ 0(𝑚𝑜𝑑2). 

 



 

Тhеоrem 5. If 𝐺 is a regular total vertex magic graph, then 𝐺 + 𝑥 allows total vertex antimagic labeling. 

 It is easy to establish the relationship between the magical and total vertex-antimagic labelings of 2-regular graphs.  

 



Тhеоrem 6. Let 𝐺 be a 2-regular magic graph of order 𝑝 and size 𝑞 with a set of edge labeles {1, 2, ..., 𝑞}. Then 

𝐺 allows total vertex antimagic labeling.  

Proof. Let 𝜑 be a magic labeling of 2-regular graph 𝐺 of order 𝑝 and size 𝑞, where a set of edge labels {1, 2, ..., 𝑞}, and 𝜇  is his magic constant 

and 𝑉 = {𝑢1, 𝑢2, ..., 𝑢𝑝}. We denote total labeling  𝑔∗ of graph 𝐺 as the following: 𝑔∗ (𝑢𝑖 , 𝑢𝑗 ) = 𝜑(𝑢𝑖 , 𝑢𝑗 ), 𝑔∗ (𝑢𝑖 ) = 𝑞 + 𝑖, for every 𝑢𝑖 ∈ 𝑉 (𝐺), 

𝑢𝑖, 𝑢𝑗 ∈ 𝐸(𝐺), where 𝑖 ≠ 𝑗, 𝑖, 𝑗 ∈ {1, 2, ...𝑝}. Let’s calculate the weights of the vertices when labeling 𝑔∗ ∶ 𝜔𝑡 (𝑢𝑖 ) = 𝜇 + 𝑞 + 𝑖. They are all different, 

therefore, 𝑔∗ is total vertex-antimagic labeling.  

The theorem has been proved. 
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